The nonlinear autonomous functional differential equation x(t) = f(x(t)) + g(x,), t > 0, x0 = <f> is investigated by means of the theory of semigroups of nonlinear operators. The properties of the semigroup associated with this equation provide stability information about the solutions.
Introduction.
The purpose of this paper is to prove some stability properties of the nonlinear autonomous functional differential equation (FDE) x(tb)(t) = f(x(tb)(t)) + *(*,(*)), t > 0, x0(<p) = tb.
The notation of (FDE) follows J. Hale [4] , that is tb G C = C([-r,0];X) where r > 0 and A' is a Banach space, x(tb)(t): [-r, oo) -* X, and x,(tb) G C is denned for each t > 0 by xt(<?)(0) = x(tb)(t + 9), 0 G [-r,0]. In (FDE) we will require a Lipschitz condition on the nonlinear operator g: C -> X and an accretiveness condition on the nonlinear operator /: X -> X. The ordinary part of (FDE) corresponding to /will act as a damping term for the equation. Our main result can be summarized as follows: Suppose g has Lipschitz constant B and -/+ a I is accretive. If a = -B, then (FDE) is stable, and if o < -B, then (FDE) is asymptotically stable. As a simple example for our problem one can let X = R,f(x) = -jc3 + ax, g(tb) = h(tb(-r)), where h has Lipschitz constant B, and then (FDE) is the scalar delay equation
x(tb)(t) = -x3(tb)(t) + ax(tb)(t) + h(x(tb)(t -r)).
Our approach will be to use the general theory of semigroups of nonlinear operators. By allowing J to be a Banach space our results may be applied to partial functional differential equations as in [7] . For related treatments of our problem one should see [7] -[9]. 3. The nonlinear semigroup for (FDE). In this section we shall construct a nonlinear semigroup which can be associated with (FDE) by exhibiting its generator in the sense of (2.2) . In what follows we shall suppose that for some a E R, f; X ^ X such that -f + al is accretive and /?(/ -Xf) = X for 0 < A < l/max{0,a}. From (2.1) this implies that for x, y G Z)(/), A > 0, By virtue of Propositions 1 and 2 we may use formula (2.2) to define a nonlinear semigroup Tit), t > 0, on DiA) with generator A. If 7)(/) = X, then DiA) = C. If / is linear and densely defined in X, then -A is exactly the infinitesimal generator of Tit), t > 0 (see [7] or [8] ).
The question arises as to when the semigroup Tit), t > 0, gives solutions to (FDE). One can use the methods of H. Flaschka and M. Leitman [3] to show that Tit), t > 0, always has the following property: If for each d> G DiA) we define x(d>)(r) = 4>(/) for -r < / < 0, (3.10) = (7X')4>)(0) for t > 0;
then Tit)cb = x,(d>). In the case that/is everywhere defined and continuous the methods of [3] can be used to show that the function xi<p)it) in (3.10) satisfies (FDE) for all 4> G DiA). The proof of these facts carries over essentially without change from [3] . In the case that A' is a Hilbert space we can show the following.
Proposition
3. If X is a Hilbert space, then for all <j> G DiA) the function jc(d>)(r) in i3.10) satisfies (3.11) x(4>)(/) = /(*(</>)(')) + *(*,(*)) for a.a. t > 0, x0(d») = <#>• Proof. We will use the notation and results from [1] . Let d> G DiA). We show first that for all h G A', t > 0, (3.12) <(r(0*)(0),A> = <<P(0),h) +/o' ((f(T(s)tb)(0)) + g(T(s)tb))ds, h).
As in [3] we have that The weak convergence follows from the fact that / is maximal accretive in X by a well-known argument of accretive operator theory (see [2] or [6] ). Then (3.12) implies that x(tb)(t) is weakly differentiable for almost all t > 0. Also, since tb G D(A), T(t)tb is Lipschitz continuous in / (see (1.11) of [1] ), and therefore x(<b)(t) is strongly of bounded variation in /. By [5, Theorem 3.8.6, p. 88], x(tb)(t) is strongly differentiable almost everywhere in / and (3.11) holds. Now we consider the stability properties of (FDE). If a = -B, then the trajectories of T(t), t > 0, are stable in the sense of (2.6) with y = 0. If a < -B, the proposition below yields the asymptotic stability of (FDE) if X is a Hilbert space. Let tb, xp G D(A) and let x(t) and y(t) solve (3.11) for </> and xp, respectively.
Then, for almost all t > 0, \(d/dt)\\x{t) -y\t)\\ = <f(x(t)) + g(x,) -f(y(t)) -g(yt),x(t)-y(t)} (3.14) < «IW0 -y(t)t + s\\T(t)tb -7X0*11 IW0 -y(t)\\ <a\\x(t)-y(t)\\2 + BU-xp\\2.
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